We use a continuum model to investigate the isochoric radial expansion of a right circular cylindrical specimen composed of a nematic elastomer that is cross-linked in a uniaxial state and then annealed. Numerical solutions show that, above a certain radial expansion, the material has a definitive energetic preference for a state involving a disclination of strength +1 along the cylinder axis. Surrounding such a disclination is a core with radial dimension on the order of 10 −2 µm, which coincides with observations in conventional liquid-crystal melts. Examination of the normal-stress differences shows that the first of these differences depends non-monotically on the extent of radial expansion and possesses a local minimum at the point where a disclination becomes energetically preferred. This suggests a practical experimental method for testing the predictions of our model.
Introduction
Following de Gennes's prediction 1 of a nematic polymeric material in which orientational and deformational effects are linked, such a material was first successfully synthesized in 1981. 2 Since then, research into nematic elastomers and other optically active polymers has grown. [3] [4] [5] [6] [7] [8] [9] There has also been a concomitant increase of interest in the role of disclinations [10] [11] and stripes [12] [13] [14] [15] , which can be viewed as defects, in these materials.
This has arisen in large part because of the importance of singularities in traditional nematic liquid crystals, which serve as an exemplar for the study of defects. Since liquid crystals are capable of sustaining point, line, and surface defects, their study has also had far-reaching consequences on the study of defects in disordered systems, frustrated media, and biological molecules. For example, biological polymers such as DNA, PBLG, and xanthan exhibit textures, most of whose defects are similar to those observed in cholesteric liquid crystals. 16 Contrary to the implication of their name, defects in liquid crystals can be advantageous and, in fact, necessary for the material to exhibit certain phases. They are being harnessed in the zenithal bistable display, which, unlike traditional LCD displays, doesn't require sustained power to retain an image. [17] [18] Also, the presence of defects is necessary for the stabilization of some of the blue phases observed in cholesteric liquid crystals, wherein the regular three-dimensional lattice is actually composed of disclination lines. 16, 19 In addition, recent research has shown the important effect of disclinations on the reduction of the nematic-isotropic phase transition temperature in nematic liquid-crystals.
17,20-21
A disclination in a nematic liquid-crystal is a line along which the orientation is undefined. In the Oseen-Zöcher-Frank (OZF) theory, [22] [23] [24] a nonintegrable singularity in the free-energy density occurs at a disclination. Initially, this difficulty was addressed by positing a core of fixed radius and energy about the disclination. However, the fixed energy approach gives no information about the magnitude and energy of the core and also fails to elucidate the underlying physical nature of the core. 21, 25 Nevertheless, for nematics confined to capillaries, it has been shown that the orientation can 'escape into the third dimension' at the singularity, thus obviating the need for a core but not ruling one out altogether. 16, [26] [27] [28] This deficiency of the OZF theory led Ericksen 25 to develop a regularized theory involving the degree-oforientation, a scalar field which vanishes at disclinations and enters the free energy density in a manner that mollifies the singularity otherwise associated with a disclination. Exploiting this idea, researchers have obtained values of the core radius and energy of a disclination in a cylindrical configuration.
Because of the importance of defects in nematic melts, we expect defects to play a similarly influential role in nematic elastomers. In addition, for tech-1 nological advances to occur with these materials, a thorough understanding of their defects is necessary.
Previously, [10] [11] we used a continuum model to investigate the existence of dislinations of strength +1 induced by the isochoric distortion of a right circular cylindrical specimen composed of a nematic elastomer that is cross-linked in a uniaxial state and then annealed. Here, we focus on the problem of radial expansion and propose a practical method to determine when a disclinated state exists and, thus, test the predictions of our model.
Theory
We confine our attention to uniaxial nematic elastomers. In such materials, the molecular conformation at each material point is that of an ellipsoid of revolution and is completely described by a scalar asphericity q > −1 and orientation n with |n| = 1. For −1 < q < 0, the chains are oblate about n, spherical for q = 0, and prolate about n for q > 0. Supplemental to the deformation y, which describes the distortion of the the network, q and n have the status of additional kinematic degrees of freedom. Consistent with the rubbery nature of nematic elastomers, we require that the deformation be isochoric. This implies that the deformation gradient F = Grad y is subject to the constraint det F = 1.
We consider a nematic elastomer that is formed by a two-step process and specialize our theory accordingly. Specifically, we suppose that the melt is cross-linked in a uniaxial state with asphericity q * . Then, we presume that the elastomer is annealed, giving rise to an isotropic reference state in which the conformation at each material point is spherical. We assume that the material retains "memory" of the asphericity at the time of cross-linking, but that the annealing process destroys the orientation associated with this asphericity. To describe such a material, we rely on a free-energy density,
which accounts for coupled interactions between the distortion of the network, the asphericity of the molecular conformation, and the orientation of the axis of the molecular conformation. Here, µ > 0 is the rubber-elasticity modulus; G = Grad n is the orientation gradient; Φ is a double-well potential, with minima at q = 0 and q = q * , consistent with
α > 0 is a regularizing modulus; h = Grad q the asphericity gradient; Γ is a mollifying factor, dimensionless and consistent with
and K has the form
involving orientational-elasticity moduli
The first term on the right side of (1) is simply the molecular-statistical expression of Warner et al. 29 specialized in accordance with the isotropy of the reference state and the uniaxiality of the molecular conformation. The double-well potential accounts for the memory of the asphericity q * present at the time of cross-linking; together with the regularizing term quadratic in the asphericity gradient, this potential allows for the existence of equilibrium states in which the asphericity is inhomogeneous. The factor K of the final term on the right side of (1) generalizes the energy density of the OZF theory to account for deformation. On setting F = 1 in (4), we may identify κ 1 + κ 2 + κ 4 , κ 2 , κ 2 + κ 3 , and κ 2 + κ 4 with the classical splay, twist, bend, and saddle-splay moduli of the OZF theory; κ 3 +κ 5 is an additional modulus that accounts for interactions between the distortion of the network and the orientation of the molecular conformation. Both Φ and Γ penalize states in which the asphericity limits toward the extreme values q = −1 and q = ∞. A disclination in a nematic elastomer is an isolated curve along which the asphericity vanishes and the orientation is undefined. The orientation gradient and, hence, K are therefore singular along a disclination. The mollifying factor Γ of the final term on the right side of (1) is introduced to render any such singularities integrable.
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Two sources of coupling between deformation and orientation appear in (1) . In the first term on the right side of (1), the nature of the coupling is dictated by molecular-statistical considerations. In the final term on the right side of (1), the nature of the coupling is dictated by the requirement that K be quadratic in G, properly invariant and symmetric, and reduce to the OZF energy-density in the absence of deformations.
Granted (1) and that external body forces are absent, the variationally-based equilibrium equations of the theory are
where all differentiation of ψ is performed on the manifold associated with the constraints det F = 1 and |n| = 1, and where p denotes the pressure. While (5) 1 expresses conventional balance of force associated with y, (5) 2 and (5) 3 express generalized force balances associated, respectively, with the additional kinematical degrees of freedom q and n. Following previous work, 11 we use the theory to investigate the presence of disclinations of strength +1 in a nematic-elastomeric specimen which, in the reference state, occupies the right circular cylinder
with cylindrical coordinates (r, θ, z) and {e r , e θ , e z } the associated physical basis. In so doing, we assume that the lateral surface ∂R = {x : |x| = R} of the specimen is free of all tractions, viz.,
Consistent with the requirement that the deformation be isochoric, we stipulate that it have the form
so that the cylinder expands radially while contracting along its axis. * From (8),
and a direct calculation shows that the constraint det F = 1 holds throughout R. We suppose that the orientation is either radial, viz.,
* The case 0 < A < 1, for which the cylinder extends along its axis and contracts radially, is discussed elsewhere. or, as would be the case when q = 0, undefined. As a consequence of this choice, the constraint |n| = 1 is satisfied whenever n is defined. A direct calculation shows that, when n is defined,
Further, we suppose that the asphericity q depends at most on the radial coordinate r. Using (9)- (11) gives
with κ = κ 1 +κ 2 +κ 4 the orientational-splay modulus. Since the deformation is prescribed via (8) and the orientation either has the radial form (10) or is undefined, the only unknowns are the pressure p and asphericity q. From the azimuthal and axial components of (5) 1 and (7) 1 and the assumption that q depends at most on r, it follows that p also may depend at most on r.
Letting ν be a parameter proportional to the height of the barrier separating the minima of the doublewell potential Φ and introducing x = r/R, P (x) = p(Rx)/ν, and Q(x) = q(Rx), we obtain the dimensionless groups
Using the radial components of (5) 1 and (7) 1 , we find that the dimensionless pressure P has the form
with
From (5) 2 , we obtain the differential equation
which is supplemented by boundary conditions,
arising, respectively, from the assumed radial symmetry of the solution and (7) 2 . When q = 0 and n is undefined, (5) 3 and (7) 3 are vacuous. Further, when q = 0 and n = e r , direct calculations show that (5) 3 and (7) 3 are satisfied.
Numerical Results
The differential equation (16) involves functions Φ and Γ , which are restricted only by (2) and (3). For our numerical investigations, we took
where, as stated before, ν > 0 determines the height of the energy barrier between states with q = 0 and q = q * , and
We emphasize that the particular forms for (18) and (19) are pragmatically based. In particular, because its wells are of equal height, the choice (18) is very special. While defined piecewise, the particular choice (19) of Γ is twice continuously-differentiable. Since (16) involves only the first derivative of Γ , we therefore expect no numerical difficulties to ensue from this choice. Since the deformation in (8) is restricted to radial expansion (A > 1), we expect that the molecular conformation should become prolate in directions perpendicular to the cylinder axis. Thus, it is natural to restrict q * > 0. Otherwise, there would be no reason for a disclination to form. However, in the case (0 < A < 1) where the cylinder is extended along its axis, the molecular conformation would be oblate about the radial direction, and it would be natural to restrict q * to lie between −1 and 0.
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Using (18) and (19), we solved the boundary-value problem (16)- (17) numerically from x = 0 to x = 1 using the ACDC package 30 with the tolerance on the solution of Q set to 10 −8 and that of its derivative dQ/dx set to 10 −4 . In so doing, we chose µ = 10 5 J/m 3 , ν = 10 6 J/m 3 , κ = α = 10 −11 J/m, and R = 1 cm. The values of µ and κ are physically realistic and in line with previous work.
8 Underlying the chosen value of ν is the notion that, whereas µ should scale like k B θ per polymer chain, with k B Boltzmann's constant and θ the absolute temperature, ν should scale like k B θ per monomer. To attain the high extensibilities associated with rubberlike behavior requires upwards of 15-100 monomers per chain, whereby ν should exceed µ by at least an (17), note the horizontal slopes at the cylinder center (x = 0) and outer boundary (x = 1). A state connecting the energetically preferred values 0 and q * of the asphericity is generated for A ≈ 1.20.
order of magnitude. As a result of these choices, µ * = 10 −1 and κ * = α * = 10 −13 . Further, for illustrative purposes, we took q * = 0.5. As our initial, trial solution, we used the straight line Q = 0, satisfying (17) and consisting of 5001 evenly spaced points on the closed domain. The only parameter varied was A, the degree of radial expansion, which we allowed to range between 1 and 1.25. Figure 4 shows a sharp transition between isotropic (Q = 0) and anisotropic (Q = 0) regions along the cylinder radius, thereby indicating the presence of a disclination of strength +1 located along the cylinder axis. The extent of the disclination core can also be inferred from the plot as the region where Q exhibits a rapid increase. 21 From Figure 4 , the center of the transition zone appears to be at x = 10 −6 , which corresponds to a dimensional core radius on the order of 10 −2 µm and is consistent with the length scale predicted by the ratio κ/µ for our choices of µ and κ.
† A closer examination of the solution curves places the center of the layer at x = 1.5 × 10 −6 (corresponding to a core radius of 0.015 µm), which we associate with the core boundary and denote by x c . Our core radius is of the same order as values observed for liquid crystalline melts.
31 † The ratio κ/µ determines the length scale at which a cross-over between rubber-elastic and orientational effects occurs. As discussed in the literature, [12] [13] 15 this ratio plays an important role in the formation of striped microstructures in nematic elastomers.
To discuss energetic issues, we introduce the dimensionless free-energy density Ψ = ψ/ν. In view of our assumptions concerning F , n, and q,
a conventional neo-Hookean rubber-elastic contribution associated with the distortion of the network,
a contribution associated with the asphericity of the molecular conformation, and
a contribution associated with the axis of the molecular conformation. A comparision of the total neo-Hookean energy
and total energy
plotted in Figure 5 shows why a disclination forms. While F tot e increases monotonically with A, F tot is a double-well potential with an absolute minimum at A = 1 and a relative minimum at A ≈ 1.17. Also, for all A > 1, F tot is less than F tot e , the isotropic (Q = 0) neo-Hookean contribution alone. This difference is negligible for all A ≤ 1.16, and we therefore do not necessarily expect a disclination to form in this range. However, beyond A = 1.16, the difference between F tot and F tot e becomes non-trivial and shows an energetic motivation for the material to form a disclinated region with the remainder of the material beyond x c in an anisotropic state.
In addition, we investigated the energy of the core, which we denote as
relative to that of the whole domain. From Figure 6 , it is evident that F core is a vanishingly small percentage of F tot . This is because of the relatively small size of the core and the fact that Ψ e is of a comparatively large magnitude across the entire radial extent of the cylinder. The proportion of total energy contained in the core remains relatively constant up to the value of A corresponding to the first inflection point of the total energy. A sharp increase then occurs, and the proportion then decreases monotonically for the remainder of our range as more energy goes into both stretching of the polymer network and changing the asphericity of the chains comprising the network.
The dimensionless pressure P given in (14) is shown in Figure 7 . For each A, P increases monotonically from its minimum at the cylinder's boundary (x = 1) until it reaches a maximum at the core boundary (x = x c ), whereafter it remains essentially constant up to the cylinder axis (x = 0). The pressure at the edge is almost the same regardless of the value of A. This occurs because the last two terms of (14) vanish at x = 1, so that the pressure there is only dependent on the first term, which doesn't vary significantly for our range of A. For each A, the neoHookean (Q = 0) pressure is seen to be much less than P for almost the entire domain. However, close to the outer edge of the cylinder, P is actually less than its neo-Hookean counterpart. This is because although the last two terms of (14) are positive, they are negligible in this region and are overwhelmed by the first term which, due to the factor of (1 + Q) 2 3 in its denominator, decreases below the corresponding neo-Hookean value. Away from the edge though, the last two terms of (14) overwhelm the first, and so the pressure exceeds the neo-Hookean value.
To discuss normal-stress differences, we introduce the dimensionless Cauchy stress ‡
Our assumptions concerning F , n, and q yield T = ‡ In writing (27) , we take advantage of the constraint det F = 1. T xx e r ⊗e r + T θθ e θ ⊗e θ + T zz e z ⊗e z , with
The first and second normal-stress differences T xx − T zz and T θθ − T zz are computed from (28) and (19) 2 and plotted in Figures 8 and 9 . In addition, for each A, the value of T xx − T zz at the cylinder edge (x = 1) is plotted in Figure 10 . Within the core, these differences coincide with their neo-Hookean counterparts.
Outside the core, however, T xx − T zz and T θθ − T zz take values that lie below their neo-Hookean counterparts. Most strikingly, from Figure 10 , we see that there is a local minimum in the first normal-stress difference at A = 1.16. This local minimum coincides both with the decrease of F tot in Figure 5 and increase of F core /F tot in Figure 6 at A = 1.16 and provides further evidence that a disclinated state has been achieved. Based on this non-monotonicity, an experiment designed to measure normal stress differences under a radial expansion of the sort considered here could be used as a practical means to detect the presence of a disclination and, thereby, the predictions of our model. 
Discussion
In addition to predicting that nematic elastomers are capable of sustaining disclinations, our model yields information concerning the characteristic dimension of the core of a disclination of strength +1 and determines the distributions of energy and stress in disclinated states. Energetic considerations show that, above a certain deformational threshold, the material prefers disclinated states. Based on the behavior of the first normal-stress difference, the model additionally suggests a practical experimental method by which its predictions can be tested.
Our restriction to nematic elastomers with uniaxial molecular conformation rules out the possibility of biaxial states. Hence, for the problem of a cylinder distorted in the manner considered here, it is possibile that there may exist disclinated states in which the conformation becomes biaxial in the region outside the core and that for certain values of radial expansion, such states may be energetically favored over the uniaxial states discussed here.
While our predictions are confined to nematic elastomers which have been specially prepared, we speculate that disclinations may occur under other circumstances and that normal-stress measurements may provide a convenient vehicle for determining when that is the case. Mar. 2000
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